We analyze the early-time isotropic cosmology in the so-called Energy-Momentum Squared Gravity (EMSG). In this theory, a T µν T µν term is added to the Einstein-Hilbert action, which has been shown to replace the initial singularity by a regular bounce. We show that this is not the case, and the bouncing solution obtained does not describe our universe since it belongs to a different solution branch. The solution branch that corresponds to our universe, while non-singular, is geodesically incomplete. We analyze the conditions for having viable regular-bouncing solutions in a general class of theories that modify gravity by adding higher order matter terms. Applying these conditions on generalizations of EMSG that add a (T µν T µν ) n term to the action, we show that the case of n = 5/8 is the only one that can give a viable bouncing solution, while the n > 5/8 cases suffer from the same problem as EMSG, i.e. they give non-singular, geodesically incomplete solutions. Furthermore, we show that the 1/2 < n < 5/8 cases can provide a nonsingular initially de-Sitter solution. Finally, the expanding, geodesically incomplete branch of EMSG or its generalizations can be combined with its contracting counterpart using junction conditions to provide a (weakly) singular bouncing solution. We outline the junction conditions needed for this extension and provide the extended solution explicitly for EMSG. In this sense, EMSG replaces the standard early-time singularity by a singular bounce instead of a regular one.
I. INTRODUCTION
and its generalizations, particularly regarding the existence of regular bounces in this class of theories. As a result, we show that the bounce obtained in [7] is not viable, and that generic theories that modify GR by adding higher order matter terms cannot provide a viable regular bounce.
The structure of this paper is as follows. In section II we review the EMSG theory and its field equations. In section III we analyze the isotropic early-time cosmology of EMSG showing that the bounce obtained in [7] is not viable. We show that the correct solutionbranch corresponding to our universe is also non-singular but is not valid beyond a certain point in time, i.e. past-geodesically incomplete. In section IV we analyze the conditions for having a viable bounce in theories that modify gravity by adding higher order matter terms.
We apply these conditions to (T µν T µν ) n generalizations of EMSG. In section V we outline the junction conditions needed for extending the geodesically incomplete solutions of EMSG and similar theories. Finally, we conclude with summary and discussion of the results in section VI.
II. ENERGY-MOMENTUM-SQUARED GRAVITY
The EMSG action can be written as
where κ = 8πG, R is the Ricci scalar, Λ is the cosmological constant and S M ≡ d 4 x √ −g L m with L m as the matter Lagrangian density. Here and thereafter, we use units where c = 1 and the metric signature (−, +, +, +).
The extra term that makes this theory different from GR is − 1 2 α T µν T µν , where α is a free parameter in the theory (with dimensions of inverse energy-density) which can be constrained from observations as was done in [13] , and T µν is the ordinary energy-momentum tensor defined as
The factor of − 1 2 , while it can be absorbed into the definition of α [16], is retained here for convenience. In this case α can be matched with η κ in the original paper [7] where η was the free parameter in that case. While α could be positive or negative, we will restrict ourselves to the α > 0 case since it has been shown to give a more interesting behavior in early-time cosmology [7] . Now that we have introduced the action of EMSG, let us turn to the question of how this action can be defined in the first place; that is, how does the total action already contain the energy-momentum tensor which is defined by varying part of the total action (i.e. S M )? The main argument in [7, 17] is that one does not have to know anything about the gravitational theory beforehand in order to define the energy-momentum tensor, one only needs matter physical variables, or simply: the matter Lagrangian density L m . EMSG is characterized by a density scale α −1 ; deviations from GR should start appearing near that scale. Since the theory has a characteristic density scale rather than an energy scale, one can construct a length scale for physical solutions that have a specific energy scale.
For example, for a charged black hole with a charge q, a characteristic length scale would be ∼ (αq 2 ) 1/4 , which is the length scale at which the electromagnetic energy density would be comparable to α −1 . The physical relevance of that length can be solution dependent, but the interesting part is that if the dynamics of the theory impose a maximum density ∼ α −1 , we get a minimum length ∼ .
Let us now turn to the field equations. EMSG is equivalent to GR coupled to an effective matter Lagrangian; therefore the field equations are just the Einstein equations but sourced by an effective energy-momentum tensor, and so we have
where
and
The details of variation of the extra term can be found in appendix A.
III. COSMOLOGY IN EMSG
Let us start by taking a closer look at the early time cosmology in EMSG, which was studied in [7, 13] . We will work with a flat FRW metric ds 2 = −dt 2 + a(t) 2 δ ij dx i dx j . We will also assume a small positive cosmological constant as in the usual ΛCDM model. Assuming a perfect fluid content, we have
where ρ is the energy-density, p is the pressure and u µ is the four-velocity of the fluid, which satisfies the conditions u µ u µ = −1 and ∇ ν (u µ u µ ) = 0. We can arrive at the perfect-fluid energy-momentum tensor through different Lagrangian densities (L m = p or L m = −ρ), which does not pose a problem in GR [18] . However, in EMSG the Lagrangian density appears explicitly in the field equations and thus the choice of the Lagrangian density affects the dynamics. While there is no consensus on which Lagrangian to use (see [19, 20] for a detailed discussion), we will stick to the choice of L m = p to follow with the EMSG literature.
For a perfect fluid with L m = p, the effective energy momentum tensor sourcing gravity can be written as
The effective density and pressure can be defined covariantly as
The Friedmann equations are the same as in GR but with the density and pressure replaced by their effective counterparts, thus we have
The remaining equation is the fluid conservation/continuity equation, which comes from ∇ µ T eff µν = 0, and of course can be obtained from the above two equations. Again, this is nothing more than the fluid conservation equation in GR with the effective density and pressure, thus we haveρ
which can be cast into an autonomous form as
where the prime denotes derivative with respect to ln a .
A. Two-component Fluids
Before we attempt to solve the equations, it is worth noting that because the effective density and pressure are nonlinear in the ordinary density and pressure, dealing with a multicomponent fluid here will be drastically different than in GR. In particular, the conservation equation (15) will lead to one equation for both fluids. If we have a two-component fluid, with each component having a barotropic equation of state in the form p = ωρ, then the conservation equation (15) becomes 
which are interchanged under ρ 1 ←→ ρ 2 and ω 1 ←→ ω 2 . This result can be easily generalized to the case of n-component fluid by noting that the Lagrangian then would be invariant under the interchange of the labels of each pair of components, and the fact that the interaction terms will still be quadratic in the densities. Thus, the equation for the ith component in that case would be
Now that we have an equation of motion for each fluid component, it is important to note that these equations are the ones that determine how the fluid density of each component behaves with the scale a. For example, in GR the solutions for matter and radiation are ρ m ∼ a −3 and ρ r ∼ a −4 , which tells us that radiation is the dominant component in the early universe where a is very small. In our case, we need to solve equations (17) and (18) simultaneously for matter and radiation content, which can be quite difficult analytically without resorting to some kind of approximation. In appendix B, we show that indeed radiation will be dominant in the early universe in EMSG.
Now that we know for a fact that radiation is the dominant component in the very early universe, let us focus on solving the field equations for a one-component fluid, that is the radiation only. Although we can also ignore Λ since we are interested only in the early universe, we will keep it for reasons to be clear shortly.
For radiation we have p r = 1 3 ρ r ; hence, the effective density and pressure from (8) and (9) become
Surprisingly, the effective equation of state stays the same for radiation as p eff = 1 3 ρ eff . As we can see, ρ eff is not a monotonically increasing function of ρ and can be zero (or even be negative) for ρ > 0; this feature is what makes this theory appealing, since it opens the possibility of having a critical point H = 0 at high densities (which can be seen directly from (12)), similar to other theories, like loop quantum gravity [22, 23] or braneworlds [24] that have a Friedmann equation of the form
where in EMSG ρ critical would be O(α −1 ).
Bounce point and its viability
Looking for a critical point H = 0, we need (from (12)) to have ρ eff = − Λ κ , which from (20) gives the radiation density as
where we have discarded the negative branch because it leads to ρ eff ρ r − Λ κ + O α Λ κ , which is unphysical at that low scale. It is easy to check that the condition ρ eff = − Λ κ leads toä a =Ḣ = 2Λ 3 from (13). This was the main reason of keeping Λ explicit up till this point, to show that we can getḢ > 0 at the critical point due to Λ > 0, which was an argument in [7] for the necessity of having a positive cosmological constant in this theory. It is worth noting, however, that if we had not ignored the matter fluid component, it could have led to a similar result, i.e.Ḣ ∼ ρ m > 0 without the need for any cosmological constant. In either case, one can conclude that the point at which the density is as in (23) corresponds to a regular bounce as was concluded in [7] . However, we will show that this critical point does not correspond to a solution that describes our universe. To see this, let us solve the conservation equation explicitly. From (20) , (21) and (15), we get the conservation equation for radiation as
Notice that this ODE has a regular singular point at ρ r = 1 4α , we will discuss the relevance of this issue later. Since this is an autonomous ODE with respect to ln a , it can be integrated directly to give ln a as a function of ρ r . Integrating with the condition a(ρ r0 ) = a 0 , where ρ r0 is the cosmological radiation density at the present time [25] , and setting a 0 = 1, we get
This expression reduces to the usual a = ρ r0 ρr 1/4
for low densities (i.e. in the limit αρ r → 0).
Since a has to be real, we must have
Notice that having ρ r0 < 1 2α is the main cause of this constraint. The density at the critical point in (23) clearly violates (26), and thus the critical point is unphysical and there is no bouncing solution that corresponds to our universe. In a hypothetical universe where ρ r0 > 1 2α , the requirement that a has to be real would have led instead to ρ r > 1 2α , and the critical point (23) would have corresponded indeed to a bouncing solution in that universe.
In other words, EMSG gives a valid regular bounce in a universe where the density is always higher than 1 2α .
Radiation Domination Solution
Solving for ρ r in (25), we get
We pick the negative branch because it gives the asymptotic behavior of ρ r ρ r0 a −4 for relatively large a. Since we want ρ r to be real, we must have a maximum density ρ r max = 1 4α corresponding to a minimum scale factor. We can then write the solution as
The existence of a minimum scale factor here comes from the constraint ρ r ∈ R rather than from the dynamical solution a(t) as in the case of a bounce; this will lead to geodesic incompletion as we will see shortly. One can easily get a(t) by plugging (28) in the Friedmann equation (12) . An equivalent, but clearer, way is to notice that since p eff = 1 3 ρ eff , the conservation equation (15) becomes
we can solve this with the already known condition that ρ r (a min ) = 1 4α , which gives us ρ eff (a min ) = 1 8α . With the latter condition, we get the solution
Plugging (31) in the Friedmann equation (12), we get
We can clearly see now that there are no H = 0 critical points for all real (physical) values of a. From now on, for simplicity, we shall ignore the cosmological constant in the early universe; it has served its purpose now that we have established that the critical point in (23) does not correspond to a bounce. The Friedmann equation now becomes
We can conveniently define
Solving the positive branch of (33) with the condition a(0) = a min , we get This solution, which was found in [13] (albeit with a redefinition of t to match the standard solution of GR at which a(0) = 0), manifestly cannot be extended for t < −1 2Hmax , but more importantly, we cannot extend it for t < 0 since that would lead to a < a min and then from (28) the radiation density would become non-real as we discussed before. This solution can be interpreted, in the spirit of effective field theory, as EMSG breaking down as we approach a min and one would need new physics to describe what is happening beyond that point. In this sense, a min is not interpreted as an absolute minimum scale of nature, but the minimum scale at which EMSG is valid.
It is interesting to note that whileρ r diverges as t → 0, all geometric quantities (represented by H(t) and its time derivatives) remain finite. This gives us the chance to extend the spacetime beyond t = 0 by combining the solution in (35) with its counterpart from the negative branch of (33) using junction conditions at t = 0. We will present this in section V.
We conclude this section by reflecting on the issue that prevented this theory from achieving a cosmologically viable bounce, after all, it had a Friedmann equation reminiscent of theories like loop quantum gravity and braneworlds, so why is the case here different? The reason is that, unlike those theories which modify only the Friedmann equation, EMSG also modifies the conservation/continuity equation. The main issue is that, due to the non-linearity, the equation is modified in a singular way; particularly, the singular point is at a lower density (ρ r = 1 4α ) than the density at the critical point (23). This causes our universe to be in a solution-region entirely disconnected from the bounce point; we can see this from the phase plot of the conservation equation (24) in Fig. 1 . We note that this problem is not unique to EMSG; it can happen in any other theory that effectively modifies the matter Lagrangian. We discuss the conditions for this issue in the next section.
IV. BOUNCES IN MORE GENERAL THEORIES
Let us start with a more generalized theory than EMSG that effectively modifies the matter Lagrangian but keeps the geometric side as GR, so we would have a total action like
We assume FRW metric and a perfect fluid matter content with a generic equation of state p = p(ρ). We will focus only on a single-component fluid or a fluid with one dominant component in the early universe (which typically should be the radiation). As in the case with EMSG, the Friedmann equations take the form
It is useful to combine these equations to getḢ in terms of ρ eff and p eff aṡ
We have ignored the cosmological constant for simplicity, but the arguments below can be easily generalized by absorbing the cosmological constant in the definition of ρ eff and p eff .
The conservation equation is the same as (14) , which can be written in terms ofρ aṡ
We want to analyze the conditions at which this theory would give a cosmologically viable regular-bounce. From (37), (39) and (40), we see that the behavior of H,Ḣ andρ is controlled by only three functions: ρ eff , ρ eff + p eff and dρ eff dρ , which are all functions in ρ. So we can take ρ as the basic variable that controls the phase space of this dynamical system.
We assume for simplicity that these functions do not have more than one non-trivial zero; the arguments in this section can be generalized otherwise. We also assume that these functions are continuous and smooth as functions of ρ; this assumption is important in order to avoid curvature-singularity problems at finite values of ρ.
A. Bounce Analysis
In order for this theory to have a bounce at some high density ρ B , the usual bounce conditions of GR, H = 0 andḢ > 0, must be satisfied at that point. These conditions then imply the following from (37) and (39)
For cosmological viability, the low density behavior must be the same as in GR, this implies
To reconcile the conditions (41) and (42) with (43) and (44), each of ρ eff and ρ eff + p eff must have at least one local maximum in the interval ]ρ 0 , ρ B [, where ρ 0 ρ B is the density observed at the present time. For simplicity we assume that ρ eff and ρ eff + p eff each has only one maximum in that interval, so that their behavior as functions of ρ is as follows: they start monotonically increasing, hit a maximum, then they become monotonically decreasing.
A simple profile for these functions is shown in Fig. 2 . This behavior with (42) implies that ρ eff + p eff must zero-cross at a point ρ C < ρ B , or in other words
Let the maximum of ρ eff be denoted by ρ A . Thus from the discussion above
Note that since ρ A is a maximum, it is a zero of dρ eff dρ with odd multiplicity. Let us now look at the structure of the phase space of our dynamical system, which can be described from (39) and (40) by the behavior ofḢ andρ as functions of ρ [26]. We are interested in fixed and singular points. A fixed point of the system is a point at whicḣ ρ =Ḣ = 0. If the system starts at a fixed point it stays there forever (provided that the system is at least Lipschitz continous at the fixed point), and if a system starts at a non-fixed point, it takes an infinite time to reach a fixed point; the latter fact can be easily deduced from the time reversal of the former one. We see from (39) and (40) that the fixed points of our system are only described by the zeros of ρ eff + p eff (and thus our system is Lipschitz continous at fixed points from our assumptions on ρ eff + p eff ). A singular point is a point at which eitherρ orḢ diverges.Ḣ is well behaved from our assumption about continuity and smoothness of ρ eff + p eff , so we only need to focus on singular points ofρ. By using the auxiliary equationsρ = Hρ ,
where ρ is the first derivative of ρ w.r.t. ln a, we see that (48) captures both the fixed and the singular points of the system; thus, it is sufficient to turn our focus into the sub-phase-space of (ρ , ρ) for our analysis of these points.
Before proceeding, we need to show the following statement:
For an autonomous dynamical system (Lipschitz continuous at fixed points) controlled by a variable ρ(t), if ρ * is either a fixed point of the system or a singular point with odd multiplicity, then the phase space is split at ρ * into two regions:
where split means that if the system starts in the region ρ < ρ * it cannot reach-either backward or forward in time-a point in the region ρ > ρ * ( in a finite time) and vice versa, and a singular point with odd multiplicity means that ρ switches signs after crossing ρ * , which can only happen if ρ has a pole at ρ * with odd multiplicity.
Showing the above statement for a fixed point is very straightforward: if the system starts in the region ρ < ρ * , it takes an infinite time to reach ρ * let alone cross it and vice versa. In the case where ρ * is a singular point with odd multiplicity, it will act either as an attractive (sink) or a repulsive (source) point in the phase space, which splits it into two regions. (48), we see that if ρ A = ρ C , then we have a fixed point at ρ C < ρ B and also an odd singular point at ρ A < ρ B . In this case the bounce at ρ B is not cosmologically viable since there are no solutions that connects it to our present universe density ρ 0 . Instead, we get either a solution connecting ρ 0 to ρ C if ρ C < ρ A as shown in Fig.   3 , which takes an infinite time to reach ρ C in the past, or a solution connecting ρ 0 to ρ A if ρ A < ρ C as shown in Fig. 4 , which, similar to the solution obtained in EMSG, would be past-geodesically incomplete.
The only case remaining now is if ρ A = ρ C . We see from (45), (46) and (48) that if ρ A = ρ C , then the would-be poles and zeros of ρ cancel out and ρ becomes free of any splitting points in the interval ]0, ρ B ]. Therefore in this case, ρ B is a cosmologically viable bounce.
While our analysis was concerned with bounces, we note for completeness that the case ρ C < ρ A , corresponding to region I in Fig. 3 , describes a viable non-singular initially de Sitter solution. In this scenario, the universe starts and ends with fixed points.
To summarize the results, we have shown that in theories that modify GR through effective modification of the matter sector, in order to achieve the usual bounce condition H = 0 andḢ > 0 at some high density ρ B , the theory must have at least one non-trivial zero for each of ρ eff + p eff and dρ eff dρ at densities lower than ρ B . These points would segregate our universe from the bounce point in phase space, unless they coincide effectively making to Region III which is disconnected from our universe. to Region III which is disconnected from our universe.
ρ free of poles and zeros in the interval ]0, ρ B ]. Therefore, in addition to the usual bounce conditions of GR, we must have non-trivial zeros of ρ eff + p eff and dρ eff dρ coincident in the interval ]0, ρ B ] to obtain a viable bounce in these models.
We can now apply the result of our analysis on generalizations of EMSG that modify the action by adding a term (T µν T µν ) n which were studied in [9, 10] . The action for these theories (ignoring the cosmological constant) can be written as
where α −1 is the characteristic density scale of this theory, and we will concern ourselves with n > 1 2 theories, since those are the ones that have relevant effects in the high density regimes.
The effective energy-momentum tensor now becomes
where Θ µν is defined as before in (5) . For a perfect fluid with a barotropic equation of state p = ωρ, the effective density and pressure become
We can easily see that ρ eff satisfies our assumptions (41) and (43) for ω ≥ 0 (which is the case we care about for the moment at least), and it would have a profile similar to the one in Fig. 2 . From (51) and (51) we get
Note that adding a cosmological constant Λ would not change the latter expressions. Adding Λ is equivalent to the following transformation
and ρ eff + p eff and dρ eff dρ are clearly invariant under such a transformation.
ρ eff + p eff to coincide with the zero of dρ eff dρ , we see that the only non-trivial value for n that satisfies that condition is (assuming ω ≥ 0)
This value for n leaves the conservation equation unmodified from the one we know in GR (for a single-component fluid with this particular value of ω), namely
For radiation (ω = 1 3 ) that value is n = 5 8 , and hence, (T µν T µν ) 5/8 is the only theory in this class that gives a viable (radiation-dominated) bounce. By solving for the non-trivial zero of ρ eff in (51) with n = 5 8 and ω = 1 3 , the density at the bounce in the n = 5 8 theory will be equal to 8 3 √ 3α . Further analysis of this model may be required to ensure that it can reproduce other aspects of standard cosmology.
It is interesting to note from (56) that for EMSG (n = 1), we can have a bounce for a dust-only (ω = 0) universe.
Finally, we note for completeness that the case 1/2 < n < 5/8 is the case corresponding to region I in Fig. 3 which provides a geodesically complete non-singular solution that can describe our universe. In these theories the initial singularity is replaced by a de Sitter fixed point (at t → −∞), as a result, the universe is going to interpolate between two fixed points one at a high density and another at a low or vanishing density. It would be interesting to study such theories in future works, particularly with the interpretation of α −1 as the Planck scale in that case.
V. JUNCTION CONDITIONS IN EMSG
As we recall, solving the conservation equation (24) and the Friedmann equation (33) led to the following branches of solutions for the scale factor
and the following (independent) branches for ρ r ρ r (a) = 1 4α
In section III, we picked the positive branch for a to get a solution valid for t > 0, and we picked the negative branch for ρ r to get a solution that corresponds to ρ r → 0 as a → ∞.
This led to a geometrically non-singular solution, albeit geodesically incomplete. In this section we will join that solution with the other branch using appropriate junction conditions in order to get a geodesically complete solution, albeit with a curvature singularity at t = 0.
Since EMSG inherits the geometric side of GR, standard junction conditions in GR will be utilized in this section; the reader can be referred to [27] for a review.
Using the FRW coordiantes, we can define a spacelike hypersurface Σ at t = 0. This hypersurface now splits the spacetime into two regions with t > 0 and t < 0 respectively.
We can define the following useful notation for the jump in a tensor A across Σ
Here, we have two solutions, one in the region where t > 0 and the other is in the region where t < 0; we would like to join them at Σ. In order to achieve this smoothly, we need two conditions. The first junction condition is
The continuity of the metric here is a very important condition as otherwise the Christoffel symbols would have Dirac deltas, and the curvature tensors then would be ill defined. The second junction condition is
where K µν is the extrinsic curvature. This condition is necessary for a smooth transition across Σ; however, a finite jump in K µν is sufficient for geodesic extension, but it will cause a curvature singularity at Σ. This singularity has the physical interpretation of having a surface energy momentum tensor at Σ, which is given by
where K is the trace of the extrinsic curvature and h µν is the induced metric on Σ.
We can now start joining the two solutions in (58) at Σ, we simply get
We can see that this automatically satisfies the continuity of the metric condition (61). The Hubble rate then becomes
We can see that the Hubble rate has a finite jump at t = 0. For FRW metric with our choice of Σ, we only need to focus on the spatial components of the extrinsic curvature and the induced metric, which are given by
We can see that the extrinsic curvature picks a finite jump from H, which we can calculate as follows
[K] = 6H max .
Since we have a finite jump in the extrinsic curvature, we get a surface energy-momentum tensor contribution (63) as
In GR, this surface energy-momentum tensor would be a contribution to the ordinary energy momentum tensor; however, in the case of EMSG, since the Einstein tensor is sourced by the effective energy momentum tensor instead, (70) is a contribution to the effective energymomentum tensor, i.e. we have a term like
This is a surface pressure term that is added to the normally occuring p eff mentioned before.
Therefore, the total effective pressure is singular at Σ. Since the effective pressure is singular at Σ while the effective density is finite (which can simply be shown from the Friedmann equation), the singularity at Σ is a sudden singularity [28] . This type of singularities is known to be weak (and hence geodesically extendible) according to Tipler and Krolak's definitions [29, 30] as was shown in [31] . Furthermore, the geodesic extendiblity here would be the same as in the case considered in [32] since a(t) in both cases have the same Puiseux expansion up to first order in t (for a more detailed account on the behaviour of geodesics according to the Puiseux expansion of the scale factor, see [33] ).
Finally, the solution for the density in the region where t < 0 can be either branch in (59). So the extended solution for all t can either be
or
where a(t) is given by (64).
It is important to note that the junction conditions in this analysis depended only on two features of the solution, namely: a(0) = a min and H(0 ± ) = ±H max , rather than the full behavior of a(t). These two features are also in the (T µν T µν ) n theories with n > 5 8 , and thus they would have the same junction conditions as in this analysis in terms of a min and H max ; the expressions for the latter parameters depend on the choice of n of course.
VI. CONCLUSION
EMSG was first proposed as a theory that cures the initial cosmological singularity, reminiscent of the behavior of theories like loop quantum gravity. We have shown in this work that the regular-bouncing solution one can obtain in such a theory is not viable for our universe. Instead, the viable solution branch, while having no curvature singularities, is only valid up to a certain point in the past. This branch can be joined with its contracting counterpart using the junction conditions outlined in section V to get a fully-extended solution; however, the only way to achieve such an extension is by having a (weak) singularity at the junction. In light of this solution, we see that EMSG can at best provide a singularbouncing solution, and thus the similarity to theories like loop quantum gravity is only superficial.
The singularity in the extended solution-or the geodesic incompleteness in the nonextended one-suggests that EMSG needs to be corrected at density scales close to α −1 .
This means that EMSG should be interpreted as an effective field theory, valid only at scales away from α −1 , and one expects new (gravitational) physics to appear at scales at (or beyond) α −1 . While these new physics do not necessarily have to be quantum, it is more natural to assume that new gravitational physics arise at the Planck scale, and this motivates the interpretation of α −1 as the Planck density.
We have also seen that theories that modify GR by effectively modifying the matter Lagrangian must satisfy the stringent condition outlined in section IV in order to have a viable regular-bouncing solution. For the case of (T µν T µν ) n generalizations of EMSG, only the n = 5/8 case satisfies that condition. Aside from bounces, we have shown that theories with 1/2 < n < 5/8 can provide a viable non-singular initially de Sitter solution. It would be interesting to construct arguments similar to those in section IV for more general theories that have a total Lagrangian of the form f (R, T µν T µν ) which would have a more complicated phase-space structure.
While only studying the cosmological aspects of EMSG, we have encountered singular points in the matter differential equations due to the non-linearities introduced in the theory; similar singular behavior can occur in any other physical situation. These singular points can split the phase-space, similar to what happened in the cosmology of EMSG, which can cause geodesic incompleteness. Therefore, even for theories that satisfy the condition in section IV, which was obtained for the case of an isotropic universe with perfect fluid content, they may not be valid for all physical scenarios at scales close to their characteristic density scale (α −1 in the case of EMSG and its generalizations).
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If we have a theory with the following total action
it will be equivalent to having an effective matter Lagrangian as L m,eff = L m + F (T σρ T σρ ).
Thus, the effective energy momentum tensor will be
Now what remains is to calculate Θ µν as follows Θ µν = 2T µσ T σ ν + 2T σρ δT σρ δg µν (A13) = 2T µσ T σ ν + 2T σρ 1 2 g σρ g µν − g σµ g ρν L m − 1 2 T µν g σρ − 2 ∂ 2 L m ∂g µν ∂g σρ (A14)
where we have used the result of (A5) in the second line.
In the case of radiation domination, the conservation equations for radiation (B1) and matter (B2) respectively become (1 − 4αρ r ) ρ r + 4ρ r − 8αρ 2 r = 0, 
where a min ≡ (8αρ r0 (1 − 2αρ r0 )) 1/4 . We see from (B9) that even at high radiation densities (ρ r ∼ 1 4α ), we have
which is the same behavior of matter as in GR. Therefore the mere requirement that EMSG coincides with GR before the end of the standard radiation dominated era, which is required in order for EMSG to be cosmologically viable, is sufficient for having early-time radiation domination in EMSG.
